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Abstract 

The author constructs a theory of dagger formal schemes over R and 
then defines the de Rham cohomology for flat dagger formal schemes X 
with integral and regular reductions X which generalizes the Monsky- 
Washnitzer cohomology. Finally the author gets Lefschetz' fixed pointed 
formula for X with certain conditions. 



1 Introduction 

Let K be a finite extension of Q p with R its ring of integers and k = F 9 
its residue field. Let 7r be a uniformizer of R. 

Let X be a, regular algebraic variety over k. Define the zeta-function 
Z(X\k, t) of X by Z(X\k, t) = exp( £ ^ft s ) with N a the number of F 9 =- 

s>l S 

points of X. 

Weil's conjecture says that Z(X\k,t) is a rational function. To prove 
it, one tries to find suitable cohomology such that the Lefschetz' fixed 
points formula holds. When X is an affiiie integral and regular variety 
over k, the Monsky-Washnitzer cohomology is such a cohomology. 

Let X = Spec(yi) with A integral and regular over k. Let A be a flat 
w.c.f.g. algebra over R = W(fc) which is a lift of A. Note that every flat 
lift of A is i?-isomorphic to A, and that 1 (^4) = Q}(A/R) is a projective 
A-module. One can define the de Rham complex fl'(A) 

-> Q°(A) ^(A) n 2 (A) -> ■ ■ ■ 

d° d 1 

with Q. i (A) = ^^(A). HttwiX,^ := ®rK is the definition 

of the Monsky-Washnitzer cohomology. Note that H l (Q(A)) ®h K = 
H'(fl(A) ®.R K). If F is a lift of the Frobenius map x i— > x q over A 
to A, then F* induces an isomorphism over Hl AW (X , K) which does not 
depend on the choice of lift F. Moreover, (F*)" 1 is a nuclear operator, 
and satisfies 

N > = yjC-^M^CF*)- 1 ) 8 !^^,^))- 
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We find a generalization of the Monsky-Washnitzer cohomology. We 
construct a theory of dagger formal scheme over R and define the de Rham 
cohomology for flat dagger formal schemes X with integral and regular 
reductions. 

An affine dagger formal scheme is a pair (Spec(j4 Cg)_R fc), 0'), where A 
is a w.c.f.g. algebra over R, and 0* is a sheaf over X = Spec(j4 ®r k) such 
that 0\Xf) = A(/~ 1 > t . Let Spf f (yl) denote the pair (Spec(A ® R k), 1 "). 
0^ is called the structure sheaf of Spf^(^4). One can show Spf^A) is a 
locally ringed space. A dagger formal scheme is a locally ringed space 
(X, Ot) in which every point has an open neighborhood U, such that 
(U,0 X \U) is an afBne dagger formal scheme. 

When X is flat, separated and Noetherian over R with X integral and 
regular, the sheaf 17 1 over X is locally free. So one can define the de Rham 
complex ST and the de Rham cohomology H^ R (X;K) := EP(X, (SI' ®r 
K)). When X = Spf f (A), we have H % dR (X,K) = H{ iw (X,K). When R 
is W(fc), and there is a lift F of the Frobenius of X to X, we have the 
following theorem. 

Theorem. Let X be a flat separated and Noetherian dagger formal 
scheme with X = X ®_r k regular and integral of dimension n. Then F* 
is an isomorphism, (F*) -1 is nuclear over H l dR (X,K). And we have the 
following formula 

iV s (X) = ^(-l) l tr(( 9 "(F*)- 1 ) s |^ ii (X,^)). 

2 Weakly complete finitely generated al- 
gebra 

2.1 Definition of weakly complete finitely gener- 
ated algebra 

For a nonnegative integer n, let us define 

T n := { Y, C ^ V e R ^> : l c -l -> °>' 

and 

T?l~{J2 C ^ V eiJ[Ki,-,^]] ■■3e>o,\c v \ p sH -»o}. 

DSN" 

It is well know that T„ is complete with respect to the Gauss norm. There 
is also a Gauss norm over T n . But T„ is not complete with respect to this 
norm. 

Proposition 1.(0) T n satisfies Weierstrass preparation and division. 
As a consequence, T„ is noetherian and flat over £„]- 
Definition. A weakly complete finitely generated (w.c.f.g.) algebra A 
over R is a homomorphic image of some T„. While, a complete finitely 
generated (c.f.g.) algebra A over R is a homomorphic image of some T„. 



2 



2.2 Faithful flat of A over A 



Let A be a neotherian ring with I an ideal of A. Then the I-adic 
completion A of A is flat over A. 

In this subsection, we need to consider when A is a faithful flat over 
A. For this, we have the following theorem. 

Theorem Let A be a neotherian ring with an adic topology, 

and let I be an ideal of definition. Then the following is equivalent. 

(1) . A is a Zariski ring, i.e., every ideal is closed in it. 

(2) . I C rad(A). 

(3) . Every finite A-module M is separated in the I-adic topology. 

(4) . In every finite A-module M, every submodule is closed in the 
I-adic topology. 

(5) . The completion A of A is faithful flat over A. 
We have the following lemma. 

Lemma 1. A w.c.f.g. algebra A over R is a Zariski ring. 

Proof. It is enough to show that the lemma holds when A — T^. 

For every / 6 Tj,, let us show 1— irf is invertible. In fact, we only need 
to show £~ (ir/) n G Let / = £ agN „ o„£°. Since / g T+ , there 
are two positive numbers M and e such that \a a \ < Mp~^ a ^ . Therefore, 
there is a positive integer N such that when |a| > N, \a a \ < p" 5 '"'. 

Let e' = min(f , ^§^) and tt/ = £ agN „ a 'c^- Th ™ 

Kl<p- E ' H . (i) 

It is easy to show S^LoWO" converges in R[[£i, £„]]. Let I]^° =1 (7r/) n = 
J] a6N „ & Q £ a . Then from fomula Q, we know |6 a | < p _e Therefore, 
ES=o W)" G Tt as desired. □ 
Now, the following proposition is easily deduced from Lemma 1 and 
Theorem 1. 

Proposition 1. Let A be a w.c.f.g. algebra with A its completion 
according to the n-adic topology. Then A is a faithful flat A-algebra and 
A — > A is universal infective. 

Let A be a w.c.f.g. algebra with f £ A. Let us define A(f i y to be 
y 4-(?)V(/? — !)• Then A(f~ 1 )* 1 is a w.c.f.g. algebra. If /, g are two elements 
in A such that / — g £ 7Tj4, then is canonically isomorphic to 

A(g~ l y . We have the following proposition. 

Proposition 3. A{f -1 )^ is a flat A-algebra. 

Proof. It is well know that At-x is a flat yl-algebra. At-i and 
have the same 7r-adic completion B. B is a flat A^-i-algebra and 
is a faithful flat y4{/~ 1 )^-algebra according to Proposition 2. Therefore, 
A(f~ 1 ) t is a flat A-algebra. □ 

From now on, we always write A for the 7r-adic completion of a w.c.f.g. 
ii-algebra A. 

Let A\ — A ®h (R/tt x R). 

Proposition 4. £et 95 : A — » _B fee a morphism of w.c.f.g. R-algebras. 
And let M be a finite B-module. Then M is (faithful) flat over A if and 
only if M (Sir R\ is (faithful) flat over A ®_r R\ for all A 6 N. 

Its proof is similar to that in 3 Lemma 1.6. 
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Let A be a flat w.c.f.g. algebra over R. Let / be an element of A with 
/i, f r £ (/)■ Assume that 

7e \l(h,-,T) (*)■ 

Then we have the following corollary of Proposition 4. 
Corollary 1. Y\A{fr 1 )^ is faithful flat over ^{Z" 1 ) 1 " . 

If A is a flat w.c.f.g. .R-algebra, then both A —* A ®_r and A — > 
yl ®_r 7f are injective. Moreover, we have the following lemma. 

Lemma 2. In A ®r K , the intersection of A ®r K and A is A. 

Proof. Since A is a Zariski ring, every ideal / of A is closed in A. So 
I A n A = /. See EH for more details. 

For any £ A® K with a G i, if ^- € i, then C ?r"A We get 
a.A C it™ A. Then e A as desired. * □ 

2.3 Dagger rigid geometry 

We can construct a theory of rigid geometry using dagger affmoid 
algebras over K instead of affmoid algebras. 

Definition. A dagger affinoid algebra over K is a homomorphic image 
of some T„ ®r K . 

There is a one to one correspondence between prime ideals of Tj, ®r K 
and prime ideals of T„ that do not contain -n. The same assertion holds if 
we use ®r K and TJ, instead of T n ®r K and T n , respectively. Since 
T n is faithful flat over T„, every (maximal) prime ideal of Tj, ®r K is the 
restriction of a prime (maximal) ideal of T n ®r K. Moreover, if I is an 
ideal of It ® R K, then / = J(T„ ® R K) n {T\ ® R K). 

Let M v be a maximal ideal of T n ®r K, then T n ®r K/"M v is an 
algebraic extension of K. So the restriction of M v to %r K is again a 
maximal ideal. Since Tj, ®r K is dense in T„ ®r K, two different maximal 
ideals have different restrictions over ® R K. Therefore, Tl ® R K and 
T n ®r K have the same maximal spectral. Let B — T n ®r K/I, and let 
F heI(T n ® R K). ThenI = / v n(Tt ® R K). Let B v = T n ® R K/r, then 
B — > B v is injective. And there is a one to one correspondence between 
Spm(B) and Spm(£> v ). Moveover B v is the completion of B according to 
the maximal spectral. 

We can define Weierstrass domains, Laurent domains and rational 
domains for X = Spm(_B), and then define Grothendieck topology for X. 
We use X v to denote Spm(B v ). 

Definition. 

(i) . A subset in X of type 

X{h,...,f r ):= {x £ X : \ fi(x) \ < 1} 

for fi, f r 6 B is called a Weierstrass domain in X. 

(ii) . A subset in X of type 

X(fl, fr,9l\ ....ff,- 1 ) :={x£X: \f t (x)\ < 1; \ 9j (x)\ > 1} 
for fi, f r , g±, g s £ B is called a Laurent domain inX. 
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(iii) . A subset in X of type 

{xeX:\fi(x)\<\f (x)\} 

to to 

for fo, fr £ B without common zero is called a rational domain in X. 

If fx, fr,g'i, — ,5s are all nonzero elements in B v , choose fi, f r , 
gi,...,g s £ B such that || fi - fi \\ m <a< 1, || a, - g'i \\max< 1. Then 

X(f 1 ,...,f r ) = X v (fi,.. .,f' r ), 

and 

X(fl,—, /V,Sl~\ -jffs" 1 ) = ^" V (/l, -,fr,g'l' 1 : 



Assume fo,..., f' r £ B v have no common zero. Let t// denote X v ( ^ , . . . , jr ) . 
Then there is a positive number e such that |/,'(a;)| > e for any x £ C/, v - 
Choose fo, f r € B such that || /» — || m aa;< s, then 

o? = x(f ,...,£). 

/o Jo 

Therefore, we can define the Grothendieck topology for Spm(B) such that 
it has the same Grothendieck topology as Spm(B v ). 

We can get Tate's acyclic theorem for dagger affinoid algebras in the 
same way as in |T| or as in 

Let A be a fiat w.c.f.g. algebra over R. Let B = A ®h K and X = 
Spm(B). Let / be an element of A with fi,...,f r £ (/). If we have 

/ £ \j Cfi> -•■> fr) in A ®jj k, then is a finite affine covering 

of X(f~ 1 ). Therefore as a consequence of Tate's acyclic theorem, we get 
the following exact sequence 

- A{f-y ® fl K -> n Aifr 1 ^ ® R K =4 A<(/i/ i )" 1 > t ® fl K (2) 
Proposition 5. For any A-module M , the following sequence is exact 

- A(f-y ®aM^J] ^(/-V ® a M =4 n J 4((/i/ 3 -)~ 1 ) t ®a M. (3) 

Proof, (i). We have the following commutative diagram (® = ®a in this 
proof) 

o , Ay-ygM ► n^</r 1 > t ® M > n^c/i/jr 1 ) 1 ^ 



From the theory of formal schemes, we know the second line is exact. From 
Proposition 2, we see all vertical maps are injective. From Corollary 1, 
we get that -»• A{f~ 1 )^ <g> M -> U A(fr 1 )'* ® M is exact. Therefore, to 
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show the first line is exact, it is enough to show that (Yl A(f i ® M) (~l 

{{A(f-yy ®M) = A(ry ®m. 

(ii) . From formula the second line of the above commutative 
diagram (with M — A) and Lemma 2, we see when M = A, the first line 
of the above commutative diagram is also exact. Then (Y[A(f~ l y) n 

(A(f-yr = A{f-y. 

(iii) . Let A' be the sum of (^{.r 1 ) 1 ")" and n Atfr 1 )! in UiMf^V- 

Then A' is a Zariski ring, since it is a quotient of the Zariski ring (A(f ~ 1 )' i ') v x 
n A(f~y. A' is dense in mMf^Y , so [A'Y = IlW/f There- 

i i i 

fore n(^</i _1 ) + ) V is faithful flat over A' and A' IlC^Cff V)" is um " 

versal injective. We see that A' is a flat A-algebra. 
Then both 

-> A(/~ 1 ) t <g> M -> (e.ii/r 1 )' ® M) e (^Cr 1 )*)" ®M-?UA'®M->0 
with p : (a, b) a — 6, and 

— » A' ® M — > J](A(/ i - 1 ) t ) v ® M 

i 

are exact. So we get the following exact sequence 

-» A{f~y ®M-> ((Sniffy ® M) ffi (A(/- 1 ) t ) v ® M -> l[(A{fryy ® Af. 

i 

Then we obtain LJ 4(/ i _1 ) t ® M n (A{/" 1 ) t ) v ® M = A(/- 1 ) t ® M as 
desired. □ 



3 Dagger formal schemes 
3.1 Theory of Cech cohomology 

In this subsection, we recall the theory of Cech cohomology. We follow 
[5j closely. 

Let X be a (compact) topology space. Let § denote the category of 
sheaves over X, and let CP denote the category of persheaves over X. Let 
i : S — ^ CP denote the natural inclusion functor. 

Let us consider the right derived functors of i, and define 

■K q {-) ■= R q i(). 

Proposition. For any abelian sheaf F over X, and any open subset 
U of X, we have 

X q (F)(U) = H q (U,F). 

Let {Ui — > U}i£i be a covering. For any presheaf F over X, we define 
a complex {C q } by 

C q ({Ui — > U},F) := fT F(U i0 n • • • n Ui,) 

io<...<i q 
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with d q : C q ({Ui -> U}, F) -> C q+1 ({Ui -> U}, F) defined by 



9+1 

(d q s) ia ... iq+1 = y^(— 1) s io . 

Now, we define 

H q ({Ui -> U},F) :=Ker(d 9 )/Im(d 9 - 1 ). 

Proposition. There is a canonical isomorphism between H q ({Ui — ► 
[/}, F) and R q H°({Ui -> U}, F). 
We have the following theorem. 

Theorem. (Spectral sequence for Cech cohomology) 
Let {Ui — ► U} be a covering. For each F £ S, there is a spectral 
sequence 

E\ q = H p ({Ui U}, X q (F)) E p+q = H p+q (U, F) 

which is functorial in F. 

Let IX be a family of open subsets of X such that 

(i) The intersection of two open subsets in IX is in U again, 

(ii) Each finite covering of an open subset of X has a refinement consisting 
of sets in IX. 

Let {Ui — > U}be a covering. If U € IX and Ui € IX, we call it a covering 
in IX. 

We define U-presheaves for X. 

Definition. A U-presheaf over X , is a collection of abelian groups 
F(U) forU € IX, and a collection of restriction morphisms res\j : F(V) — ► 
F(U) for each U C V such that res^res^ = res% for U C V C W and 
resYj — id. Let 7u denote the category of U-presheaves. 

Let j u be the natural functor from J to Ju, then j u is exact. Let 
iu = ju oi. 

Definition. An abelian sheaf F over X is called IX -flabby ifH q ({Ui — ► 
U},iu(F )) = for q > and each covering in IX. 

Proposition 6. i). Let — > F' — > F — > F" 6e an exaci sequence in 
S. 7/F' is XL-flabby, the sequence is exact in 7u as well. 

ii) . Lei — > F' — > F — *■ F" be an erract sequence in S. 7/ F' and F 
are U-flabby, so ts F" . 

iii) . 7/ i/ie direct sum F (B G of abelian sheaves is U-flabby, so is F. 

iv) . Injective abelian sheaves are U-flabby. 

Corollary 2. For an abelian sheaf F over X, the following are equiv- 
alent. 

i) . F is U-flabby. 

ii) . For all q > and U G IX, we have % q {F){U) = and therefore 
H q (F)(U) = 0. 

3.2 Dagger formal schemes 

Let A be a flat w.c.f.g. algebra over R. In this subsection, we define 
Spft(A). 
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Spft(j4) is a topology space together with a structure sheaf 0^ . The 
topology space is the underlying space X of Spec(A ®h k). 

For any p £ X, let us define 0| = liroA(/~ 1 ) f . Since ^(/ _1 ) t is 

flat over ^4, P is flat over A, too. Let us define 0*(U) to be the set of 
functions s : U — > [J Oj ( s (p) £ Op) with the property that for each 

p € U, there is a / £ A (/ ^ p) such that for any q £ Xj n {/, s(q) is the 
image of an element of A(f~ 1 )' 1 in Ot. 
It is obvious that 0' is a sheaf. 

Proposition 7. For any f in A, we have O'(Xj) = A(f~ i y. 
Proof. We can define a homomorphism p : A(f~ 1 )' 1 — > 0*(Xj) in the 
natural way. 

(1) At first, we show p is injective. If g, h £ A(f~ 1 )^ such that p(<?) = 
p{h), then for any p £ Xj, g and ft have the same image in P . Then by 
the definition of 0* p , there is a f p £ (/) (/ ^ p) such that <? and h have 
the same image in A(f p ~ 1 )\ We choose a finite number {/i}J = i of 
such that {-Xj } is a covering of Xj. Then from proposition 5, we obtain 

o - A{r y - n ^</-y n A((/ l /,)- i ) t . (4) 

So we have g — h. 

(2) Now we prove p is surjective. Let s be a section of O'(Xj). By 
definition, for any point p £ Xj, there is a f p £ (/) (/ ^ p) and 5 £ 
^(/p -1 ) such that for any q £ Xj , s(q) is the image of g in Oj. 

We can choose a finite subset {/;} of {f p } such that {Xj } is a covering 
of Xj. For each /i, there is a gi £ A(f~ 1 )* r such that s(q) is the image of 
<7i in 0\ for each q £ Xj. . 

Since p|A{(/ i / )- 1 )t is injective, gi and g,, have the same image in 
A((f i fj)~ 1 }' 1 . Then from formula @, we know s £ Im(p). □ 

Corollary 3. For a w.c.f.g. algebra A over R, we have 0* {Sptf (A)) = 

A. 

We call such a pair (Spec(A ®r k), 0*) an affine dagger formal scheme 
Spft(A). 

Corollary 4. Let U C X — Spf^(A) be an open subset with {Xj } a 
covering of U . Then we have the following exact sequence 

-» o f ([/) - n^/rV ^n^^-rV- 

i i,j 

Proposition 8. Affine dagger formal schemes are locally ringed spaces. 

Proof. Let X — Spf^yl). From Proposition 7, we know for each 
p £ X, the stalk of 0^ at p is Ot. We need to prove P is a local ring. 

Since tt £ rad(4(/ j _1 ) + ), and P is the limit of A{/" 1 ) t (/ £ p), we 
see 7r £ rad(Op). Since P /n0 P is the stalk of X = 0^- ($>r k at p, it is a 
local ring. Therefore, P is also a local ring. □ 

Now we can define dagger formal schemes. 

Definition. A dagger formal scheme is a locally ringed space (X, <D' X ) 
in which every point has an open neighborhood U, such that (U, X \U) is 
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an affine dagger formal scheme. A morphism of dagger formal schemes 
is a morphism as locally ringed spaces. 

For a given A- module M, we can associate to it a sheaf M A of Os P ft(A)~ 
modules over Spf^-A) (say simply a C)|, pf . t . A . -module). 

For U C Spf + (A), define M A (U) to be the set of functions s : U 

U 0\®aM (s(p) G Ol ig>A M) with the property that for each p G U, 

P eu 

there is a / G A (f ^ p) such that for each q G Xj n (7, s(g) is the image 
of an element of (A(f~~ 1 )* r ) (gu M. By definition, we know that M A is a 

°Spft(A)- module - 

Proposition 9. For any f G A, we have 

M A (Xj) = A{f-y® A M. 

Using the exact sequence given in Proposition 5, we can prove this 
proposition in the same way as Proposition 7. 
Let O 1 " be f ® R K, and M A be M A <g> fl K. 

Now we can define coherent 0^- -modules and quasi-coherent 0^- -modules 
as in scheme case. We have the following proposition. 

Proposition. Let h : X — > Y be a morphism of Noetherian dagger 
formal schemes over R. Let 3 be a sheaf of 0y -modules and W be 0^ x - 
modules. 

(i) . If S is quasi- coherent, then h*(S) is also quasi- coherent. 

(ii) . If S is coherent, then h*(Q) is also coherent. 

(iii) . If 3 is quasi-coherent, then is also quasi-coherent. 

Let A be a w.c.f.g. algebra over R with / G A and fi,...,f r G (/) 
satisfy formula (*) given in section 2. Let U = Xj and Ui = Xj . Then 
Tate's acyclic theorem says 

0^A(f-y® R K -^WAif-y^nK^C 1 ^ -+U},&)^ ■■■ - 0. 

i 

Since C l ({Ui — > U}, 0*) are all flat A-modules, we get 

-. (A(f- 1 )' I ® R K)® A M -^\[(A{fr 1 )'< ® R K)® A M -. C 1 ({U i -. C/},M A ) > 

Therefore we obtained the following proposition. 

Proposition 10. For j > 0, we k«e H j ({U t -» 17}, M A ) = 0. 

As a consequence of this proposition and Corollary 2, we get the fol- 
lowing proposition. 

Proposition 11. Let X = Spft(A). Fori > 0, we have H l {Xj, M A ) = 

0. 



3.3 Morphism 

In this subsection, we study morphisms of dagger formal schemes. 
Lemma 3. Every homomorphism of w.c.f.g R-algebras is continuous. 
Proof. Let (p : A\ — > A2 be a homomorphism of w.c.f.g i?-algebras. 
From (p(n l Ai) C n'A2, we see <p is continuous. □ 
Proposition 12. Let A,B be two w.c.f.g. R-algebras. 
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(i) . If p : A — » B is a homomorphisrn of R- algebras, then p induces a 
natural morphism of locally ringed spaces 

(^^):(Spf t (B),Ot 3 )^(Spf t (A),0^) 

(ii) . Every morphism of locally ringed spaces from Spf^-B) to Spf' (A) 
is induced by a R-morphism p : A — > Bas in (i). 

Proof, (i) is easy. We only need to prove (ii). 

Let (if>, iffi) be a morphism of locally ringed spaces from Y = Spf f (B) to 
X — Sp^(A). It induces a morphism (if, iffi) of locally ringed spaces from 
Y = Spec(B ®r k) to X = Spec(A ® R fc). It is well know that (ip, Lp s ) 
is induced from a homomorphisrn p of fc-algebras A (&r k — > B ®_r k. 
Therefore, we see for any / £ A 

^ Y f) = X 7U)- ( 5 ) 

Let p be tf^(Y) : A —> B. From we get the following commutative 
diagram 

A — £— » B 

1 i 

From lemma 3, we know pf and ip'(X^j) are continuous. Since they 
restrict to the dense subalgebra Af are the same, they are the same. □ 

Let k be a finite field with q elements. Assume R — W(fc). There are 
Frobenius actions on fc-algebras A — > A (x x q ), and on fc-schemes. 

A .R-morphism F from a dagger formal scheme X to itself is called a 
Frobenius of X if it induces the Frobenius over X — X ®jj fc. 

By definition, a Frobenius over X is equivalent to a collection {Ft/} 
of homomorphisms Ft/ '■ X (U) — > 0^((7) for each U C X such that 
Fy ®_r fc is the Frobenius of X (U) ®ft k and the following diagram is 
commutative (U C V) 

oUv) 0^(V) 




o^(t/) otat/). 



3.4 Product 

Let ^4 and B be two flat w.c.f.g. algebras over R. In this subsection, 
we define A(& R B which is also a w.c.f.g. algebra. 

Lemma 4. Let C be a finite generated R-algebra with C its n-adic 
completion. Let D be a c.f.g. algebra. Then any homomorphisrn if : C — > 
D extends to a unique homomorphisrn f> v : C — > D. Moreover when if is 
infective, (f v is also infective. 

Proof. Existence of if v comes from C = lim C/n z C and D = lim D/ti^D. 
For uniqueness of ip v , one only needs to note that a homomorphisrn of two 
c.f.g. i?-algebras is continuous. □ 
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We know A = lim A„ with A v n c.f.g. algebras over R such that A„ — ► 
is injective. Since torsion free i?-modules are flat over R, A v n are all 
flat over R. The same holds for B. 

Then we define A® R B = lim(^(g)S^). 

By Lemma 4, if ^4 = limA^ and A = limA'^, then A w n is contained in 
some A'^ m i and is contained in some A' v n , . Therefore, the definition 
of A<§) R B does not depend on the choice of {A^} and {B^}. 

Assume A = Tt/h and B = T^/h. Let i„ : T+ -f T* +m be the 
homomorphism maps variants of T^ to first n variants, and let j m : — » 
T^ +m be the homomorphism maps variants of Tj, to last m variants. 
Then = T* +m /7 with 7 the ideal of T^ +m generated by i n {h) 

and jm{h)- 

Let i A : A ^ A<3 R B and j's : B — > y4®^i? be two canonical inclusion 
homomorphisms. Let C be a w.c.f.g. algebra over R. 

Lemma 5. If ipi : A — > C and tp2 '■ B —> C are two homomorphisms 
of ' R- algebras, then there is a unique homomorphism ip : A(& R B — > C such 
that (p o i A = tp-i and if o j B = y> 2 ■ 

Proof. Assume that yl = limA^, B = limB^ and C — limC ; v 
as in section 3.4. Then there is a I, such that tp\(A v n ) and ifi2(B^ n ) arc 
contained in CJ . By Lemma 4, there is a <p n ,m '■ A^®BJ n —> CJ , such that 
Wm °*a = ¥>iU„ and ^»,m ° Js = 1 B m ■ Taking limit, we get what we 
desire. □ 

For X — Spf f (A) and Y = Spf f (B), we can define XxY = Spf 1 " (A® R B). 
By glueing, we can define XxY for separated flat dagger formal schemes 
X and Y. 



4 De Rham cohomology and Lefchetz fixed 
points theorem 

4.1 Differential modules and de Rham cohomol- 
ogy 

In this subsection, we recall the concept of diflerentaaial modules. 
Let A be a w.c.f.g. algebra over R. 

The module of differential forms of A over R is a finite ^4-module £l A / R 
together with a H-derivation d A / R , which is universal in the following 
sense: for any finite ^4-module M, the canonical map 

Uom A (fl A/R ,M) — > Der R (A,M), ip^ipod A/R 

is bijective. 

Let m : A®* A — > A be the "diagonal homomorphism" defined by 
m(6 ® 6') = 66'. By Lemma 5, this homomorphism makes sense. Let I 
be the kernel of m. Then I/I 2 inherits a structure of ^4-module. Define a 
map d : A I /I 2 byd6=l®6-6®l (mod/ 2 ). 

Proposition 13. (I/I 2 ,d) is (tt A , R , d A / R ). 

Proof. (1). Let M be a finite A-module. Define A * M by 

(oi, mi) + (02, m 2 ) = (oi + a 2 , mi + m 2 ) 
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and 

(oi,mi) • (02,7712) = (ai02,aim2 + aim\) 

for 01, (22 £ A and mi, rri2 £ M. Then A * AJ is a w.c.f.g. algebra over R. 

It is sufficient to prove this fact in the case A = Tt andM = Tt® r . In 
this case, A * AJ = T* +r / ~, where T* +r = R{£i, —, £ n , £n+l, — , ?n+r> t , 
and ~ is generated by { \i > n + l,j > n + 1}. 

(2) . We need to prove the fact that if D is an J?-derivation of A into 
an A-module AJ, then there is a unique A-linear map / : J/J 2 — > M such 
that D = fd. 

(3) . Let 7' be Ker(A (g> A -> A), then J = I'(A^A). In the following, 
we prove this assertion. 

Since A = lim A^, I is generated by elements in J n = Ker(A n ®A n — > 

A n ) for n large enough. Let I' n = Ker(A„ ® A n — > A„). To show J = 
/'(A®* A), it is sufficient to show J„ = I' n (A n ®A„). 

Since A n ® A„ is dense in A n <g>A n , A n — A n ® A n /I' n is dense in 
An8>An/^n(An®An). Since both of them are c.f.g. algebras, them must 
be the same. Therefore, J n = I' n {A n ®A n ). 

(4) . By (3), we know I/I 2 is generated by {dy\y £ A} as A-module. 
Then we get the uniqueness of /. 

(5) . By Lemma 5, from the following two homomorphisms 

0i:A-»A*M, 4>i{x) = (x,0) 

and 

4> 2 ■■ A^ A* M, fa(x) = (x,D(x)), 
we get a homomorphism 

<j> : A® f A — > A * M 

whose restriction on A £g> A is 

0(a; g> y) = (xy,xD(y)). 

Then 0(1') C AJ, and so 0(J) C AJ. Since AJ 2 = 0, cp(I 2 ) = 0. So 
induces 4> : (A^A)/I 2 = A* (J/J 2 ) -> A*AJ which maps dy to (0,£>(y)). 

Thus the restriction of <p on J/ J gives an A-linear map / : J/J 2 -» AJ 
such that / o d = D. □ 

If A = Tj, = Ji(£i,...,£„>, then D.\ /R = T^d^i ffi • • ■ T*d£„. If 
A = T}, /J, then Q.\ /R = ^y H / ~ with ~ generated by -f^t/jj and 

Tj;4f (/€/). 

For a dagger formal scheme X over J?, define 
fix/fl := A* (J/J 2 ) 

where A : X — » X x X is the diagonal map and J the ideal defining the 
diagonal map. 

From Proposition 13, we know when X — Spr (A), Q, x / R is the sheaf 
associated to the A-module £l\/ R - 

We have the following proposition whose proof is the same as |HJ(2.3). 
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Proposition 14. Let X be a flat and separated dagger formal scheme. 
If X — X(g>nk is regular, then Q x /r * s a locally free O x -module with rank 
dim(X). 

When X satisfies the condition of Proposition 14, we define £I x /r = 
r\Q x / R , and get the de Rham complexs (Q x / R ,d) and (Q, x , R ,d) with 
^x/r = ^x/r ®-R K- We write d in place of d for simple. Then we 
define H dR (X, K) := M l (X, (Q X , R , d)). From Proposition 11, we see when 
X — Spf^(j4), H dR (X,K) is exactly the Monsky-Washnitzer cohomology 
Hmw defined to be H l (Q.\ /R ® R K, d)). 

From now on, assume R — W(fc). 

When X is a flat and separated dagger formal scheme over R with a 
Frobenius F such that X is regular and integral, then F induces F* over 
H dR (X,K). 

4.2 nuclear operator and operator ip 

4.2.1 nuclear operator 

Definition. A K-linear map L : M — > M is called nuclear, if the 
following two conditions hold. 

(i) . For every A 7^ in K ac (the algebraic closure of K) with g the minimal 
polynomial of A over K, U(Ker(<;(L) m )) is of finite dimension. 

(ii) . The nonzero eigenvalues of L, form a finite set or a sequence with a 
limit 0. 

From (i), we see M — V © W with V, W vector spaces invariant 
under L such that W = U(Ker(g(L) m )) and g{L) is bijection over V = 
nIm( 3 (L) m ). 

We can define trace tr(L) for nuclear operator L. Let Mi be the sum 
of the generalized eigenspaces of L with eigenvalues A (|A| > \ir\ ). Then 
dimMi < 00. Define tr(L s ) = lim Xx(L !> \m 1 ) for positive integer s, and 

det(l - tL) = lim det(l - tL\ M ,). 

I — >oo 

For nuclear operators, we have the following two lemmas. 

Lemma 6. Let Li : Mi — > Mi (i = 1, 2) be nuclear. Assume linear 
map a : Mi — > M2 satisfy a.L\ = L-za. Then the induced maps Lo on 
Ker(a) and L3 on Coker(a) are nuclear. Moreover, 

3 

JJdet(l -tLi) ( - iy = 1, 

and 

3 

^tr(L?)=0, 

i=0 

where s is a positive integer. 

Lemma 7. Let L be a K-linear map over M . Assume Mi is a Li- 
linear subspace of M fixed by L. Then L induces L\ on M\ and L2 on 
M/M\. Then L is nuclear if and only if both L\ and L2 are nuclear. If 
so, then we have the following formulas 

det(l - tL) = det(l - tLi) • det(l - tL 2 ), 
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and 

tr(L 8 ) =tr(Lj)+tr(LS), 
where s is a positive integer. 

4.2.2 Operator ^ 

Proposition. ( 8 ) Let B C A denote a finite ring extension of w.c.f.g. 
algebras. Suppose both A and B are regular, and both A and B are integral 
and flat over R. Then there exists a "trace map" trA/B '■ £F(A) — > Q l (B). 

Ttb/a is defined by 

SI* (A) -> to* (A) ® A Qt(A) — ► Q*(B) ® A Qt(A) > W(B) ® s Qt(B). 

S! id®tr 

In [5], one shows TrA/B maps f2j(A) into Qi(B). Moreover, one can show 
trA/B commutes with d. 

Let A be a w.c.f.g. algebra over R satisfying the above proposition with 
A a regular and integral algebra of dimension n. Let F be a Frobenius 
over A. Since [A : F(A)] = [A{f~y : F(A{/- 1 ) t )] = q n , we have the 
following commutative diagram 

Q.\A)® R K tr > ff(F(yl))®H/s: 



Let X be a flat and integral dagger formal scheme with a Frobenius 
F and regular and integral reduction X. From commutative diagram 
©, we get a trace map tr x : X = (X, 0^) -> X q = (X,F(0^)), with 
F(0] f )([/) = F,(05 f ([/)) (f/cX). 

We define operator ip = F 1 o trx: 

Proposition 15. (0) 

(i) . For any open subset U C X , a £ 0L(?7),ai £ fT({7,if), iwe /lane 
^(F(o)a;) = aip(u>). 

(ii) . ^/j commutes with d. 

(iii) . ipoF = q n , 

From [Sj, we know 4>u is nuclear for any open subset U of X. Let 
be the linear morphisms on H^ R (X, K) induced by if). 

Proposition 16. (|5|) Let A be a flat w.c.f.g. algebra over R with 
A — A k regular and integral. Then F* is bijection over Hmw(A, K) 
and ip* = q"(F*)~ 1 is nuclear. 

4.3 Lefchetz fixed points theorem 

In |S] (4.1), the following result is stated. 
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Theorem 2. Let A be a flat w.c.f.g. algebra over R with A = A ®_r k 
regular and integral of dimension n. Let N(A) denote the number of k- 
homomorphisms A — > k = ¥ q . Then 

n 

N(A) = ^(-lytririHiwiAK)). (7) 

i=0 

In this subsection, we show the following generalization of Theorem 2. 

Theorem 3. Let X be a flat separated and Noetherian dagger formal 
scheme with X — X (g>n k regular and integral of dimension n. Let N(X) 
denote the number of k -points of X . Then ip* is nuclear over H^ R (X, K) 
and the following formula holds 

N(X) = *£(-iytr(r\H} R {X,K)). (8) 

When X = Sptf(A), H' dR (X,K) = H M w(A,K). So Theorem 2 is a 
special case of Theorem 3. 

Proof. (1). Take an affine covering U = {UiYi=i of X. Since X is 
separated, intersections of {Ui}'s are again affine. 

Then from Proposition 11 and EGA III (12.4.7), we obtain 

fir (u, sr) — > w(x,rt) (9) 

So we can calculate W(X, fi) by spectral sequence. 
Write K p,q = C p (U,Q q ). Let 



K^ 3 if i > p 
if i < p 



Let sK l = ® p+q=l K p,q . We define sF p H' in a similar way. 
Let E p ' q = C p (U, H"(; &)) = )), then 

E™ =^fir(u,n') (10) 

with F p U l {U,tt) = lm(H'(sF p K) -> H\sK)). 

(2) . We show if)* is nuclear. 

From Proposition 16, we see t[> is nuclear on each term of E p,q . Then 
by Lemma 6 and Lemma 7, we obtain that ip* is nuclear on each term of 
E™ with m a positive integer. Therefore, from (HUH , we see that ip* is 
nuclear on H% a (X , K). 

(3) . From 

io<—<ij 

and 

iV(C7 S0 ... Sj ) = J2(~iytr(iP*\Hl AW (U l0 ... lj ,K)), 

we get 

N(X)^J2(~l) p+q tr(r\E p ' q ). 
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From Lemma 6 and Lemma 7, we get 



p,q 

for all positive integer m. Then from Lemma 6, Lemma 7 and (HUH . We 
get ©. □ 

From Proposition 16 and (1101 . we get the following lemma easily. 

Lemma 8. F* is bijection on H^ R (X, K) and ip* = g n (F*)~ 1 . 

Theorem 4. Let X be a flat separated and Noetherian dagger formal 
scheme with X = X ®r k regular and integral of dimension n. Let N S (X) 
denote the number of ¥ q s -points of X . Then the following formula holds 

N a (X)=j2(- i y t ^i n ( F *y l r\H' dR (x,K)). (n) 
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